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Abstract
We review the latest calculations of the next-to-leading ∆S = 1
effective Hamiltonian, relevant for K → ππ transitions. Numerical
results for the Wilson coefficients are given for different regularization
schemes. Predictions of ǫ′/ǫ, obtained using different approaches to
evaluate the relevant hadronic matrix elements, are compared. Given
the present value of the top mass, mt = (174 ± 17) GeV, all the
analyses, in spite of the large theoretical uncertainties, indicate that
the value of ǫ′/ǫ is smaller than 1× 10−3.
1 Introduction
The understanding of mixing and CP-violation in hadronic systems is one of
the crucial tests of the Standard Model. In the last few years considerable
theoretical and experimental effort has been invested in this subject.
On the theoretical side, the complete next-to-leading expressions of the
relevant effective ∆S = 1, ∆S = 2, ∆B = 1 and ∆B = 2 Hamiltonians have
been computed [1]–[5], thus reducing the theoretical uncertainties1. More-
over, there is now increasing theoretical evidence that the value of the pseu-
doscalar B-meson decay constant is large, fB ∼ 200 MeV, and that the B–B¯
1Indeed only the top contribution to the ∆S = 2 Hamiltonian is fully known, at the
next-to-leading order. To our knowledge, the other contributions have been only partially
computed [6].
1
parameter BB is quite close to one. This strongly constrains the Cabibbo-
Kobayashi-Maskawa parameters and it has remarkable consequences on CP-
violation in B decays, see refs. [7, 8]. Still, the evaluation of hadronic matrix
elements is subject to large uncertainties, that are particularly severe for
ǫ′/ǫ, where important cancellations of different contributions occur for large
values of the top mass. Indeed, a significative reduction of the theoretical
uncertainty on ǫ′/ǫ would require a substantial improvement in the calcula-
tion of the hadronic matrix elements, either from lattice simulations or from
other non-perturbative techniques.
On the experimental side, more accurate measurements of the mixing
angles are now available and the mass of the top quark, experimental evidence
of which has recently been found by CDF [10], is constrained within tight
limits [11]. Still, in spite of very accurate measurements, the experimental
results for the CP violating parameter ǫ′/ǫ are far from conclusive [12, 13]. A
better accuracy, at the level of 1×10−4, should be achieved by the experiments
of the next generation.
In the following, we briefly introduce the ∆S = 1 effective Hamiltonian
and summarize the main results of the next-to-leading calculation of the
relevant Wilson coefficients. An updated analysis of ǫ′/ǫ, along the lines
followed in refs. [7]–[9], is presented. Particular emphasis is devoted to a
realistic evaluation of the uncertainties. We also compare the results of refs.
[7]–[9] to the next-to-leading order analysis of ref. [14]. In section 2, the basic
formulae, which define the CP-violation parameters ǫ and ǫ′, are presented;
in section 3, the definition of the Cabibbo–Kobayashi–Maskawa matrix and
the notation used in this work are introduced; in sections 4 and 5, we give
several details about the ∆S = 1 effective Hamiltonian relevant for direct
CP-violation. In particular, the Wilson coefficients in different regulariza-
tion schemes are reported. In section 7, we give the formulae which has been
used to obtain the theoretical predictions; in section 8, the theoretical pre-
dictions from the more recent analyses are given. Further details, including
a theoretical discussion of the matching conditions, of the B-parameters and
of the uncertainties coming from the choice of ΛQCD, the renormalization
scale, etc. can be found in ref. [9].
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2 CP-violation in K → ππ decays
In this section, we introduce the parameters ǫ and ǫ′ that describe CP-
violation in the neutral kaon-system. In the following, we assume CPT
symmetry. A comprehensive discussion of the general case, including CPT-
violation, can be found in ref. [15].
There are two possible sources of CP-violation in the decays of the neutral
kaons into two pions. CP-violation can take place both in the kaon mixing
matrix and at the decay vertices. Let us consider the mixing first. The most
general CPT-conserving Hamiltonian of the K0–K¯0 system at rest can be
written as
H =M − i
2
Γ =
(
M0 M12
M∗12 M0
)
− i
2
(
Γ0 Γ12
Γ∗12 Γ0
)
, (1)
where the bra (ket) can be represented as the two component vector 〈K0| ≡
(1, 0), 〈K¯0| ≡ (0, 1), M is the “mass” matrix and Γ is the “width” matrix.
Both M0 and Γ0 are real.
Notice that there is some freedom in the definition of the phases of the
kaon field. In particular, one can make the change
|K0〉 → eiα|K0〉 , |K¯0〉 → e−iα|K¯0〉 . (2)
Correspondingly, the off–diagonal matrix elements of any operator X , acting
on the K0–K¯0 system, undergo the changes
X12 → e−2iαX12 , X21 → e2iαX21 . (3)
This arbitrariness enters in some popular definitions of the CP-violation pa-
rameters. For definiteness, we choose a particular phase convention, namely
we require that the CP operator is given by
CP =
(
0 1
1 0
)
. (4)
In this case,
|K±〉 = 1√
2
(
|K0〉 ± |K¯0〉
)
(5)
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are the CP eigenstates. In the presence of CP-violation, [CP, H ] 6= 0 and the
eigenstates of the Hamiltonian H are not CP eigenstates. We introduce the
parameter ǫ¯ which defines the eigenstates of H as
|KL〉 = |K−〉+ ǫ¯|K+〉√
1 + |ǫ¯|2
, |KS〉 = |K+〉+ ǫ¯|K−〉√
1 + |ǫ¯|2
. (6)
The corresponding (complex) eigenvalues are denoted as
λL = mL − iΓL/2 = 1
2
(H11 +H22)−
√
H12H21
(7)
λS = mS − iΓS/2 = 1
2
(H11 +H22) +
√
H12H21 .
In the phase convention (4), the parameter ǫ¯ controls the amount of CP-
violation, namely the CP symmetric limit is recovered for ǫ¯ → 0. We can
explicitly write ǫ¯ in terms of the matrix elements of H
ǫ¯ =
H21 −H12
∆λ−H12 −H21 , (8)
where ∆λ = λL − λS.
Experimentally CP-violation is a small effect, i.e. |ǫ¯| ≪ 1. For this
reason, one can simplify eq. (8) to obtain
ǫ¯ ≃ −iImM12 + ImΓ12/2
∆λ
, (9)
with
∆λ = ∆M − i∆Γ/2
∆M = −2ReM12 (10)
∆Γ = −2ReΓ12 .
Moreover, since ∆M/∆Γ = −0.9565± 0.0051 ≈ −1, eq. (9) becomes
ǫ¯ ≃ 1 + i
2
ImM12
2ReM12
− 1− i
2
ImΓ12
2ReΓ12
. (11)
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In view of the following discussion of the CP-violation parameters, let us
introduce amplitudes of the weak decays of kaons into two pions states with
definite isospin
AIe
iδI = 〈ππ(I)|HW |K0〉 , (12)
where I = 0, 2 is the isospin of the final two-pion state and the δI ’s are the
strong phases induced by final-state interaction. Watson’s theorem ensures
that
A∗Ie
iδI = 〈ππ(I)|HW |K¯0〉 . (13)
Direct CP-violation, occurring at the decay vertices, appears as a difference
between the amplitudes 〈ππ|HW |K0〉 and 〈ππ|HW |K¯0〉. This corresponds to
a phase difference between A0 and A2.
One introduces the parameter ǫ′ to account for direct CP-violation. A
convenient definition is
ǫ′ =
〈ππ(0)|HW |KS〉〈ππ(2)|HW |KL〉 − 〈ππ(0)|HW |KL〉〈ππ(2)|HW |KS〉√
2〈ππ(0)|HW |KS〉2
≃ ie
i(δ2−δ0)
√
2
Im(
A2
A0
) ≃ ie
i(δ2−δ0)
√
2
ω
ReA0
(
ω−1ImA2 − ImA0
)
, (14)
where ω = ReA2/ReA0. Equation (14) is obtained in the approximation
ImA0 ≪ ReA0, ImA2 ≪ ReA2 and also ω ≪ 1, as a consequence of the
∆I = 1/2 enhancement in kaon decays; ǫ′ is independent of the kaon phase
convention. On the contrary, the parameter ǫ¯, defined in eq. (6), depends
on the choice of the phase. Under a redefinition of the phases as in eq. (2),
ǫ¯ changes as
ǫ¯→ −i sinα+ ǫ¯ cosα
cosα− iǫ¯ sinα (15)
and the CP-symmetric limit does not correspond to ǫ¯→ 02.
Another parameter, which is independent of the phase convention and
accounts for CP-violation in the mixing matrix, can be defined in terms of
the K → ππ transition amplitudes
ǫ =
〈ππ(0)|HW |KL〉
〈ππ(0)|HW |KS〉 =
i sinφ0 + ǫ¯ cosφ0
cos φ0 + iǫ¯ sin φ0
≃ ǫ¯+ iImA0
ReA0
, (16)
2In this case, the states |K±〉 are not CP eigenstates.
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where A0 = |A0|eiφ0 and the last expression is obtained in the approximation
ǫ¯, φ0 ≪ 1. The two definitions, eqs. (6) and (16), coincide in the Wu-Yang
phase convention, ImA0 = 0. One can check that φ0 changes with the phase
convention as φ0 → φ0 + α and that ǫ is invariant.
From unitarity, one has
Γ12 =
∑
n
2πδ(MK − En)〈K0|HW |n〉〈n|HW |K¯0〉 . (17)
Given the dominance of K0 → ππ (0) decay, one obtains the relation Γ12 =
(A∗0)
2. From eqs. (11) and (16), one has
ǫ ≃ e
iπ/4
√
2
(
ImM12
2ReM12
− ξ
)
, (18)
where ξ = −ImA0/ReA0. In the Cabibbo–Kobayashi–Maskawa phase con-
vention, the ξ contribution is small and can be safely neglected.
To make contact with the experiments, one defines the two amplitude
ratios
η00 =
〈π0π0|HW |KL〉
〈π0π0|HW |KS〉 , η+− =
〈π+π−|HW |KL〉
〈π+π−|HW |KS〉 . (19)
Neglecting small terms, one has
η00 ≃ ǫ− 2ǫ′ , η+− ≃ ǫ+ ǫ′ , (20)
namely
|ǫ|2 ≃ |η+−|2 ≃ |η00|2 ,
Re
(
ǫ′
ǫ
)
≃ 1
6
(
1− |η00|
2
|η+−|2
)
. (21)
Expressing η00 and η+− in terms of the corresponding widths
|η00|2 = Γ(KL → π
0π0)
Γ(KS → π0π0)
|η+−|2 = Γ(KL → π
+π−)
Γ(KS → π+π−) , (22)
eq. (21) gives the CP-violation parameters in terms of measurable quantities.
Notice that ǫ′/ǫ is approximately real, since experimentally δ2 − δ0 ≈ −π/4.
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3 The CKM matrix
In the Standard Model, the basic quark charged-current interactions are de-
scribed by the Lagrangian
Lquark−W = g
2
√
2
u¯iγµ(1− γ5)VijdjW µ + h.c. , (23)
where ui are the charged 2/3 quarks (u, c, t), dj the charged −1/3 quarks
(d, s, b) and g is the SU(2)L weak coupling constant (GF/
√
2 = g2/8M2W ,
where GF is the Fermi constant). V is the unitary CKM matrix [16]. A
useful parametrization is [17, 18]
V =

Vud Vus VubVcd Vcs Vcb
Vtd Vts Vtb

 (24)
=

 CθCσ SθCσ Sσe
−iδ
−SθCτ − CθSσSτeiδ CθCτ − SθSτSσeiδ CσSτ
SθSτ − CθCτSσeiδ −CθSτ − CτSθSσeiδ CσCτ

 .
In eq. (24), θ, σ and τ are quark mixing angles (in particular, θ corresponds
approximately to the Cabibbo angle); Cθ, Sθ, etc., mean cos θ, sin θ, etc.; δ
is the CP-violating phase. Experimental determinations of |Vud|, |Vcb| and
|Vub| from K and B decays show that there is a hierarchy in the mixing
angles, so that the CKM matrix can be empirically expanded in powers of
λ = Sθ ≃ 0.22 [19]. Up to and including terms of order λ3 (λ5) for the real
(imaginary) part, V is given by
V =


1− λ2
2
λ Aλ3 (ρ− iη)
−λ (1 + A2λ4(ρ+ iη)) 1− λ2
2
Aλ2
Aλ3
[
1−
(
1− λ2
2
)
(ρ+ iη)
]
−Aλ2 (1 + λ2(ρ+ iη)) 1

 ,
(25)
where Sτ = Aλ
2 and Sσe
−iδ = Aλ3(ρ− iη). In this particular (quark) phase
convention, the imaginary part of the matrix appears at order λ3.
The unitarity of the CKM matrix implies
∑
q
ViqV
∗
jq = δij . (26)
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ρ1
η
Vub
∗ /Aλ3
Vtd/Aλ3
δ
α
β
Figure 1: The unitarity triangle in the ρ–η plane.
In particular, considering the condition
V ∗ubVud + V
∗
cbVcd + V
∗
tbVtd = 0 (27)
in the approximation Vud ≃ Vtb ≃ 1, one obtains
V ∗ub
Aλ3
+
Vtd
Aλ3
− 1 = 0 . (28)
This relation identifies a triangle in the ρ–η plane (see fig. 1). The angles of
this triangle, α, β and δ, are measures of CP-violation.
Recent phenomenological analyses of the CKM matrix elements can be
found in refs. [9, 20, 21]. A brief discussion of these analyses together with
the numerical results, can be found in section 8.
4 The bare ∆S = 1 effective Hamiltonian
Weak decays of light hadrons are more conveniently studied using the Wil-
son operator product expansion (OPE) [22]. With the OPE, it is possible to
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introduce an effective Hamiltonian, written in terms of renormalized local op-
erators and of the corresponding Wilson coefficients [23]–[26]. Short-distance
strong-interaction effects are contained in the coefficients and can be com-
puted in perturbation theory, because of asymptotic freedom. Long-distance
strong-interaction effects are included in the hadronic matrix elements of the
local operators and must be evaluated with some non-perturbative technique
(lattice, QCD sum rules, etc.). The convenience of the effective Hamiltonian
approach is that all known non-perturbative methods are usually able to
predict matrix elements of local operators only. In this section we introduce
the bare ∆S = 1 effective Hamiltonian, the renormalization of which will be
discussed in the next section.
At second order in the weak coupling constant and at zero order in the
strong coupling constant, the ∆S = 1 effective Hamiltonian can be written
in terms of a local product of two charged currents
H∆S=1W = −
GF√
2
[λu (s¯LγµuL) (u¯LγµdL) + λc (u→ c)] =
− GF√
2
[
λu (s¯αuα)(V −A) (u¯βdβ)(V−A) + λc (u→ c)
]
, (29)
where (s¯αdα)(V−A) = s¯αγµ(1− γ5)dα; α and β are colour indices and the sum
over repeated indices is understood. We have introduced the notation
λq = VqdV
∗
qs (30)
for q = u, c, t. In terms of the λq, the unitarity condition of the CKM matrix
can be written as
λu + λc + λt = 0 . (31)
Equation (29) has been obtained from the original theory, by neglecting
all masses and momenta with respect to MW . In practice, the effective
Hamiltonian is obtained by taking 1/(M2W − q2)→ 1/M2W in the T -product
of the two charged currents and by putting the u, d and s masses to zero. In
order to discuss CP-violation, it is convenient to write H∆S=1W as
H∆S=1W = −λu
GF√
2
[(1− τ) (Qu2 −Qc2) + τQu2 ] , (32)
where τ = −λt/λu contains the CP-violating phase and
Qq2 = (s¯αqα)(V−A) (q¯βdβ)(V−A) . (33)
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5 QCD corrections
Strong interactions play a crucial role in non-leptonic weak decays. The per-
turbative short-distance effects, included in the calculation of the Wilson co-
efficients, may be very important because of the presence of large logarithms
∼ αns lnm(MW/µ), where µ is a scale of the order of the mass of the decaying
hadron. For an accurate estimate of the short-distance contributions, the
large logarithms have to be resummed to all orders using renormalization
group (RG) techniques.
The starting point is the T -product of the two weak currents expanded
at short distances in terms of local operators. Taking into account the renor-
malization effects due to strong interactions, we write
〈F |H∆S=1W |I〉 =
g2
8
∫
d4xDµν (x,MW ) 〈F |T
(
Jµ(x), Jν(0)
)
|I〉 =
− GF√
2
∑
i
Ci(µ)〈F |Qi(µ)|I〉+ . . . , (34)
where 〈F | and |I〉 are the generic final and initial states; the Qi(µ) form a
complete basis of operators renormalized at the scale µ; the Ci(µ) are the
corresponding Wilson coefficients and the dots represent terms which are sup-
pressed with respect to the dominant ones as powers of Λ2QCD/M
2
W (m
2
b/M
2
W
for B-decays). The effective Hamiltonian is independent of renormalization
scale µ. On the lattice, the renormalization scale can be replaced by the
inverse lattice spacing a−1 and the effective Hamiltonian can be expressed in
terms of bare lattice operators [9]. The OPE in eq. (34) must be valid for all
possible initial and final states. This implies that the effective Hamiltonian
is defined from an operator relation
H∆S=1W = −
GF√
2
∑
i
Ci(µ)Qi(µ) = −GF√
2
~QT (µ) · ~C(µ) . (35)
The important features of H∆S=1W are the following:
• the Wilson coefficients can be calculated using (RG-improved) per-
turbation theory, provided that one chooses a sufficiently large renor-
malization scale µ ≃ 2–3 GeV ≫ ΛQCD. In the leading logarithmic
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approximation (LLA), all terms of O (αs(µ)
n log(MW/µ)
n) are taken
into account;
• all non-perturbative effects are contained in the matrix elements of the
local operators, the calculation of which requires a non-perturbative
technique.
Since H∆S=1W , eq. (35), is independent of µ, the coefficients ~C(µ) =
(C1(µ), C2(µ), . . .) must satisfy the RG equations
µ2
d
dµ2
~C(µ) =
1
2
γˆT ~C(µ) , (36)
which can be more conveniently written as(
µ2
∂
∂µ2
+ β(αs)
∂
∂αs
− 1
2
γˆT (αs)
)
~C(µ) = 0 , (37)
where
β(αs) = µ
2dαs
dµ2
(38)
is the QCD β-function and
γˆ(αs) = 2Zˆ
−1µ2
d
dµ2
Zˆ (39)
is the anomalous-dimension matrix of the renormalized operators; Zˆ is de-
fined by the relation which connects the bare operators to the renormalized
ones, ~Q(µ) = Zˆ−1(µ, αs) ~Q
B.
The solution of the system of linear equations (37) is found by introducing
a suitable evolution matrix U(µ,MW ) and by imposing an appropriate set of
initial conditions, usually called matching conditions. The coefficients ~C(µ)
are given by3
~C(µ) = Uˆ(µ,MW ) ~C(MW ) , (40)
with
Uˆ(m1, m2) = Tαs exp
(∫ αs(m2)
αs(m1)
dαs
β(αs)
γˆT (αs)
)
; (41)
3 The problem of the thresholds due to the presence of heavy quarks with a mass
MW ≫ mQ ≫ ΛQCD will be discussed below.
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Tαs is the ordered product with increasing couplings from right to left. The
matching conditions are found by imposing that, at µ = MW , the matrix
elements of the original T -product of the currents coincide, up to terms
suppressed as inverse powers ofMW , with the corresponding matrix elements
of H∆S=1W . To this end, we introduce the vector ~T defined by the relation
〈α|T (J†J)|β〉 = −GF√
2
〈α| ~QT |β〉0 · ~T + . . . (42)
where 〈α| ~QT |β〉0 are the matrix elements of the operators at tree level. We
also introduce the matrix Mˆ(µ) such that
〈α|H∆S=1W |β〉 = −
GF√
2
〈α| ~QT (µ)|β〉 ~C(µ) =
− GF√
2
〈α| ~QT |β〉0MˆT (µ) ~C(µ) . (43)
In terms of ~T and Mˆ , the matching condition
〈α|T (J†J)|β〉 = 〈α|H∆S=1W |β〉 (44)
fixes the value of the Wilson coefficients at the scale MW
~C(MW ) = [Mˆ
T (MW )]
−1 ~T . (45)
Notice that the matching could be imposed at any scale µ¯, such that large
logarithms do not appear in the calculation of the Wilson coefficients at the
scale µ¯, i.e. αs lnMW/µ¯≪ 1.
Equation (40) is correct if no threshold corresponding to a quark mass
between µ and MW is present. Indeed, as αs, γˆ and β(αs) all depend on
the number of active flavours, it is necessary to change the evolution matrix
Uˆ defined in eq. (41), when passing the threshold. The general case then
corresponds to a sequence of effective theories with a decreasing number
of “active” flavours. By “active” flavour, we mean a dynamical massless
(µ≫ mQ) quark field. The theory with k “active” flavours is matched to the
one with k + 1 “active” flavours at the threshold. This procedure changes
the solution for the Wilson coefficients. For instance, if one starts with five
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“active” flavours at the scale MW and chooses mc ≪ µ ≪ mb, the Wilson
coefficients become
~C(µ) = Wˆ [µ,MW ] ~C(MW ) = Uˆ4(µ,mb)Uˆ5(mb,MW ) ~C(MW ) . (46)
The inclusion of the charm threshold proceeds along the same lines.
6 The operators of the ∆S = 1 effective Hamil-
tonian
So far, we have presented the exact solutions of the renormalization group
equations for the Wilson coefficients. In practice, it is only possible to calcu-
late the relevant functions in perturbation theory. For illustrative purposes,
we consider the calculation of the ∆S=1 effective Hamiltonian at the leading
order in QCD. The bare Hamiltonian is given in eq. (29). In the presence
of QCD interactions, other operators appear in the Wilson expansion. A
complete basis is given by the following operators
Q1 = (s¯αdα)(V−A)(u¯βuβ)(V−A)
Q2 = (s¯αdβ)(V −A)(u¯βuα)(V−A)
Q3 = (s¯αdα)(V−A)
∑
q
(q¯βqβ)(V−A)
Q4 = (s¯αdβ)(V −A)
∑
q
(q¯βqα)(V−A)
Q5 = (s¯αdα)(V−A)
∑
q
(q¯βqβ)(V+A)
Q6 = (s¯αdβ)(V −A)
∑
q
(q¯βqα)(V+A)
Qc1 = (s¯αdα)(V−A)(c¯βcβ)(V−A)
Qc2 = (s¯αdβ)(V −A)(c¯βcα)(V−A) . (47)
The q index runs over the “active” flavours. The above operators are gener-
ated by gluon exchanges in the Feynman diagrams of fig. 2. In particular, Q1
is generated by current–current diagrams and Q3–Q6 are generated by pen-
guin diagrams. The choice of the operator basis in not unique, and different
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possibilities have been considered in the literature [27]. If the electromag-
netic correction, are also taken into account, the operator basis enlarges to
include the following operators
Q7 =
3
2
(s¯αdα)(V−A)
∑
q
eq(q¯βqβ)(V+A)
Q8 =
3
2
(s¯αdβ)(V−A)
∑
q
eq(q¯βqα)(V+A)
Q9 =
3
2
(s¯αdα)(V−A)
∑
q
eq(q¯βqβ)(V−A)
Q10 =
3
2
(s¯αdβ)(V−A)
∑
q
eq(q¯βqα)(V−A) . (48)
Below the bottom threshold, the following relation holds
Q10 −Q9 −Q4 +Q3 = 0 , (49)
so that there are nine independent operators. The basis is further reduced
below the charm threshold by using the relations
Q4 −Q3 −Q2 +Q1 = 0
Q9 − 3
2
Q1 +
1
2
Q3 = 0 . (50)
All the operators considered above are dimension-six operators. In prin-
ciple, two dimension-five operators
Q11 =
Qde
16π2
mss¯ασ
µν
(V −A)dαFµν
Q12 =
g
16π2
mss¯ασ
µν
(V −A)t
A
αβdβG
A
µν (51)
should also be included in the operator basis. The matrix elements of Q11
and Q12, however, enter only at O(p
4) in chiral perturbation theory. Since the
phenomenological analysis presented in the following is only valid up to terms
of O(p2), we do not need to include the contribution of the dimension-five
operators in the calculation of ǫ′/ǫ. The effect of these operators on ǫ′/ǫ has
14
Figure 2: One-loop corrections to the ∆S=1 effective Hamiltonian.
recently been analysed in ref. [29]. Other operators of lower dimensionality
(e.g. two-fermion operators) are also potentially present. However, it can
be shown that their effect can be reabsorbed in a suitable redefinition of the
fermion fields and by diagonalizing the quark mass matrix at first order in
GF [23]–[26].
In summary, the ∆S = 1 effective Hamiltonian, renormalized at a scale
µ≫ mc, can be written as
H∆S=1eff = −λu
GF√
2
{
(1− τ)
[
C1(µ) (Q1(µ)−Qc1(µ)) + C2(µ) (Q2(µ)−Qc2(µ))
]
+τ ~Q(µ)T ~C(µ)
}
, (52)
where, in order to find the Wilson coefficients to a given order in αs, we have
to calculate eqs. (41), (45) in perturbation theory.
The explicit expressions of γˆs(αs) and β(αs), in the LLA
γˆ(αs) =
αs
4π
γˆ(0)s , β(αs) = −
α2s
4π
β0 , (53)
15
can be found for example in ref. [5]. In eq. (41), using γˆ(0)s and β0, one
obtains
U(µ,MW ) =
(
αs(MW )
αs(µ)
)γˆ(0)Ts /2β0
. (54)
At this order, the matching conditions are trivial: Mˆ , eq. (43), is the
identity matrix; ~T , eq. (42), has all vanishing components with the only
exception of T2 = 1. Thus the Wilson coefficients at the leading order for
mc ≪ µ≪ mb are given by
~C(µ) =

αnf=4s (mb)
α
nf=4
s (µ)


(γˆ
(0)T
s /2β0)nf=4

αnf=5s (MW )
α
nf=5
s (mb)


(γˆ
(0)T
s /2β0)nf=5
~C(MW ) ,
(55)
with C2(MW ) = 1 and all the other Wilson coefficients at the scale MW
vanish.
In the next-to-leading logarithmic approximation (NLLA), one proceeds
along the general scheme described above. In this case, all quantities entering
in the matching procedure have to be computed at order αs (αe for the
electromagnetic case). The β-function and the anomalous dimension matrix
have to be computed at second order in the coupling constants. Thus, for
example, the anomalous dimension matrix in the NLLA has the form
γˆ =
αs
4π
γˆ(0)s +
αe
4π
γˆ(0)e + (
αs
4π
)2γˆ(1)s +
αs
4π
αe
4π
γˆ(1)e , (56)
where O(α2e) corrections have been neglected. We will not give here any de-
tails of the NLLA calculations. They can be found in refs. [1]–[5]. At the
next-to-leading order, it is necessary to solve numerically eq. (37). Table
1 contains the coefficients, calculated at the leading (LO) and at the next-
to-leading (NLO) order, using the ’t Hooft–Veltman (HV) and the na¨ıve
dimensional (NDR) regularization schemes, for different values of the renor-
malization scale µ. The errors in the table take into account the varia-
tion of the values of the coefficients due to Λ
(4)
QCD = (330 ± 100) MeV and
mt = (174 ± 17) GeV. Notice that the next-to-leading Wilson coefficients
and operators both depend on the regularization scheme, while the effective
Hamiltonian is scheme-independent up to terms O(α2s). Actually the depen-
dence of the effective Hamiltonian on the regularization scheme, due to the
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unknown next-to-next-to-leading terms, can be estimated and contributes to
the uncertainties in the prediction of ǫ′/ǫ, see ref. [9].
The coefficients in table 1 have been computed independently by the
Munich group [4, 14]. The definition of the renormalized operators in the
HV scheme used here differ from those defined in ref. [14]. This is due to
the different way of taking into account the two-loop anomalous dimension
of the weak current, which does not vanish in the HV calculation. One can
relate the HV coefficients of table 1 ( ~C) and those of ref. [14] ( ~C ′). The
relation is
~C(µ) =
(
1− αs(µ)
4π
γJ
β0
1ˆ
)
~C ′(µ) , (57)
where
γJ = 4
N2c − 1
2Nc
β0 . (58)
Once these differences in the definition of the renormalized operators and the
reduction of the operator basis, eq. (49), are properly taken into account,
the numerical results presented here agree with those of ref. [14].
7 Relevant formulae
In order to estimate ǫ′/ǫ, we have to constrain the CP-violating phase δ in
the CKM matrix, by using the available experimental information. To this
end, we consider the CP-violating term in the K0–K¯0 mixing amplitude and
the CP-conserving term for B0–B¯0 mixing. In the following, we present all
the formulae used in our analysis, namely the expressions of ǫ, xd and ǫ
′/ǫ
from the ∆S=2, ∆B=2, ∆S=1 effective Hamiltonian, respectively.
The effective Hamiltonian governing the ∆S=2 amplitude is given by
H∆S=2eff =
G2F
16π2
M2W (s¯γ
µ
Ld)
2
{
λ2cF (xc) + λ
2
tF (xt) + 2λcλtF (xc, xt)
}
, (59)
where xq = m
2
q/M
2
W and the functions F (xi) and F (xi, xj) are the so-called
Inami–Lim functions [28], including QCD corrections [2]; F (xt) is known at
the next-to-leading order and has been included in our calculation. From
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LO NLO HV NLO NDR
µ = 1.5 GeV
C1 (−4.22± 0.65± 0.00) × 10−1 (−3.91± 0.51± 0.00) × 10−1 (−3.80± 0.55± 0.00) × 10−1
C2 (11.62 ± 0.38± 0.00) × 10−1 (106.13 ± 0.82 ± 0.00) × 10−2 (11.95 ± 0.35± 0.00) × 10−1
C3 (1.99 ± 0.35± 0.00)× 10−2 (2.17 ± 0.41± 0.00)× 10−2 (2.60 ± 0.52± 0.00)× 10−2
C4 (−4.16± 0.56± 0.02) × 10−2 (−4.51± 0.60± 0.01) × 10−2 (−0.63± 0.11± 0.00) × 10−1
C5 (1.19 ± 0.12± 0.00)× 10−2 (1.37 ± 0.15± 0.00)× 10−2 (10.52 ± 0.61± 0.01) × 10−3
C6 (−0.66± 0.13± 0.00) × 10−1 (−0.63± 0.11± 0.00) × 10−1 (−0.93± 0.21± 0.00) × 10−1
C7 (0.16 ± 0.04± 0.19)× 10−3 (−0.04± 0.00± 0.17) × 10−3 (0.02 ± 0.06± 0.20)× 10−3
C8 (0.63 ± 0.14± 0.16)× 10−3 (0.97 ± 0.19± 0.15)× 10−3 (1.06 ± 0.26± 0.19)× 10−3
C9 (−6.77± 0.27± 0.71) × 10−3 (−6.32± 0.37± 0.64) × 10−3 (−7.24± 0.19± 0.73) × 10−3
µ = 2 GeV
C1 (−3.47± 0.44± 0.00) × 10−1 (−3.29± 0.37± 0.00) × 10−1 (−3.13± 0.39± 0.00) × 10−1
C2 (11.16 ± 0.23± 0.00) × 10−1 (104.13 ± 0.54 ± 0.00) × 10−2 (11.54 ± 0.23± 0.00) × 10−1
C3 (1.59 ± 0.23± 0.00)× 10−2 (1.73 ± 0.26± 0.00)× 10−2 (2.07 ± 0.33± 0.00)× 10−2
C4 (−3.50± 0.40± 0.01) × 10−2 (−3.82± 0.44± 0.01) × 10−2 (−5.19± 0.71± 0.01) × 10−2
C5 (10.40 ± 0.94± 0.04) × 10−3 (1.20 ± 0.11± 0.00)× 10−2 (10.54 ± 0.16± 0.02) × 10−3
C6 (−5.23± 0.80± 0.03) × 10−2 (−5.08± 0.72± 0.03) × 10−2 (−0.72± 0.13± 0.00) × 10−1
C7 (0.18 ± 0.02± 0.19)× 10−3 (0.01 ± 0.00± 0.18)× 10−3 (0.01 ± 0.04± 0.20)× 10−3
C8 (0.50 ± 0.08± 0.12)× 10−3 (0.77 ± 0.12± 0.12)× 10−3 (0.81 ± 0.16± 0.14)× 10−3
C9 (−7.03± 0.20± 0.74) × 10−3 (−6.71± 0.27± 0.68) × 10−3 (−7.49± 0.15± 0.75) × 10−3
µ = 3 GeV
C1 (−2.68± 0.28± 0.00) × 10−1 (−2.59± 0.25± 0.00) × 10−1 (−2.41± 0.25± 0.00) × 10−1
C2 (10.71 ± 0.12± 0.00) × 10−1 (101.88 ± 0.24 ± 0.00) × 10−2 (11.12 ± 0.14± 0.00) × 10−1
C3 (1.20 ± 0.14± 0.01)× 10−2 (1.29 ± 0.16± 0.00)× 10−2 (1.56 ± 0.19± 0.01)× 10−2
C4 (−2.78± 0.26± 0.01) × 10−2 (−3.06± 0.29± 0.01) × 10−2 (−4.10± 0.46± 0.00) × 10−2
C5 (8.60 ± 0.67± 0.04)× 10−3 (9.99 ± 0.84± 0.04)× 10−3 (9.75 ± 0.46± 0.03)× 10−3
C6 (−3.89± 0.47± 0.03) × 10−2 (−3.84± 0.44± 0.03) × 10−2 (−5.33± 0.73± 0.03) × 10−2
C7 (0.22 ± 0.01± 0.20)× 10−3 (0.08 ± 0.00± 0.19)× 10−3 (0.04 ± 0.02± 0.20)× 10−3
C8 (3.73 ± 0.50± 0.92)× 10−4 (5.84 ± 0.74± 0.91)× 10−4 (0.59 ± 0.09± 0.10)× 10−3
C9 (−7.29± 0.14± 0.77) × 10−3 (−7.04± 0.18± 0.73) × 10−3 (−7.66± 0.11± 0.78) × 10−3
µ = 4.5 GeV
C1 (−2.07± 0.19± 0.00) × 10−1 (−2.03± 0.18± 0.00) × 10−1 (−1.84± 0.17± 0.00) × 10−1
C2 (103.85 ± 0.67 ± 0.00) × 10−2 (1001.15 ± 0.43± 0.00)× 10−3 (108.20 ± 0.87 ± 0.00) × 10−2
C3 (1.13 ± 0.11± 0.03)× 10−2 (1.19 ± 0.12± 0.03)× 10−2 (1.40 ± 0.14± 0.03)× 10−2
C4 (−2.42± 0.20± 0.02) × 10−2 (−2.67± 0.23± 0.02) × 10−2 (−3.51± 0.34± 0.02) × 10−2
C5 (7.06 ± 0.49± 0.04)× 10−3 (8.36 ± 0.66± 0.04)× 10−3 (8.75 ± 0.52± 0.04)× 10−3
C6 (−2.94± 0.29± 0.02) × 10−2 (−2.97± 0.29± 0.02) × 10−2 (−4.09± 0.46± 0.02) × 10−2
C7 (0.29 ± 0.01± 0.20)× 10−3 (0.17 ± 0.00± 0.19)× 10−3 (0.09 ± 0.01± 0.20)× 10−3
C8 (2.88 ± 0.32± 0.69)× 10−4 (4.53 ± 0.49± 0.70)× 10−4 (4.39 ± 0.52± 0.77)× 10−4
C9 (−0.96± 0.01± 0.10) × 10−2 (−0.93± 0.00± 0.10) × 10−2 (−0.97± 0.01± 0.10) × 10−2
C10 (2.12 ± 0.19± 0.24)× 10−3 (1.95 ± 0.17± 0.24)× 10−3 (1.86 ± 0.16± 0.23)× 10−3
Table 1: Wilson coefficients of the ∆S = 1 effective Hamiltonian at µ =
1.5, 2, 3, 4.5 GeV. For µ < mb, the relation (49) has been used to reduce the
operator basis. We take Λ
(4)
QCD = (330±100) MeV and mt = (174±17) GeV.
The values of the coefficients shown here correspond to the central values of
these parameters. The first error is due to the uncertainty on ΛQCD, the
second is due to mt.
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eqs. (18) and (59), one can derive the CP-violation parameter
|ǫ|ξ=0 = CǫBKA2λ6σ sin δ {F (xc, xt)+
F (xt)[A
2λ4(1− σ cos δ)]− F (xc)
}
, (60)
where
Cǫ =
G2Ff
2
KMKM
2
W
6
√
2π2∆M
. (61)
In eq. (60), ρ = σ cos δ, η = σ sin δ and λ, A, ρ and η are the parameters of
the CKM matrix in the Wolfenstein parametrization [19]. BK is the renor-
malization group invariant B-factor, the definition of which at the leading
order is
〈K¯| (s¯γµLd)2 |K〉 =
8
3
f 2KM
2
Kαs(µ)
6/25BK . (62)
The ∆B=2 effective Hamiltonian is given by
H∆B=2eff =
G2F
16π2
M2Wλ
2
t (b¯γ
µ
Ld)
2F (xt) . (63)
Here λt = VtdV
∗
tb. From eq. (63), one finds the B
0–B¯0 mixing parameter
xd =
∆MB
Γ
= CB
τBf
2
B
MB
BBA
2λ6
(
1 + σ2 − 2σ cos δ
)
F (xt),
CB =
G2FM
2
WM
2
B
6π2
, (64)
where BB is the B-parameter relevant for B − B¯ mixing, the definition of
which is analogous to the BK one.
We can write ǫ′ as
ǫ′ = i
ei(δ2−δ0)√
2
ω
ReA0
[
ω−1(ImA2)
′ − (1− ΩIB) ImA0
]
. (65)
With respect to eq. (14), we have here explicitly written the isospin-breaking
contribution ΩIB, see for example ref. [30],
(ImA2)
′ = (ImA2)− ΩIB(ω ImA0) . (66)
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To compute ImA0 and (ImA2)
′, we need the hadronic matrix elements of
the operators Qi between a kaon and two pions. Usually they are given in
terms of the so-called B-parameters:
〈ππ(I = 0)|Qi(µ)|K〉 = B1/2i (µ)〈ππ(I = 0)|Qi|K〉V IA
〈ππ(I = 2)|Qi(µ)|K〉 = B3/2i (µ)〈ππ(I = 2)|Qi|K〉V IA , (67)
where the subscripts V IA means that the matrix elements are computed in
the vacuum insertion approximation. The relevant V IA matrix elements can
be expressed in terms of three quantities
X = fπ
(
M2K −M2π
)
, (68)
Y = fπ
(
M2K
ms(µ) +md(µ)
)2
∼ 12X
(
0.15GeV
ms(µ)
)2
, (69)
Z = 4
(
fK
fπ
− 1
)
Y . (70)
From H∆S=1eff , the expressions of (ImA2)′ and ImA0 in terms of Wilson coeffi-
cients and of the B-parameters are obtained
ImA0 = −GF√
2
Im
(
V ∗tsVtd
){
−
(
C6B6 +
1
3
C5B5
)
Z + (C4B4+
1
3
C3B3
)
X + C7B
1/2
7
(
2Y
3
+
Z
6
+
X
2
)
+ C8B
1/2
8 (2Y+
Z
2
+
X
6
)
− C9B1/29
X
3
+
(
C1B
c
1
3
+ C2B
c
2
)
X
}
, (71)
(ImA2)
′ = −GF Im
(
V ∗tsVtd
){
C7B
3/2
7
(
Y
3
− X
2
)
+
C8B
3/2
8
(
Y − X
6
)
+ C9B
3/2
9
2X
3
}
. (72)
Notice that the matrix elements of the electromagnetic left–right operators
Q7,8, which belong to the (8L, 8R) representation of SU(3)L⊗SU(3)R, contain
Y and do not vanish in the chiral limit.
The evaluation of the B-factors requires a non-perturbative technique.
The Wilson coefficients and the hadronic matrix elements both depend on
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the regularization scheme. In order to cancel this dependence (up to O(α2s)),
it is necessary to control the matching between the B-parameters and the
coefficients at the next-to-leading order. Notice that many non-perturbative
methods (e.g. 1/N expansion) do not fulfil this requirement.
Two different approaches to the matrix element evaluation have been
used in recent next-to-leading ǫ′/ǫ analyses:
• In our previous analysis [8, 9], the numerical values of the B-parameters
have been taken from lattice calculations [31]. Suitable renormalization
factors are introduced to take into account the difference between the
HV, NDR and lattice regularization schemes. For those B-parameters
not yet computed on the lattice4, we have made educated guesses, which
are discussed in detail in ref. [9].
• A phenomenological approach has been implemented in ref. [14], where
the B-parameters are constrained by using the experimental informa-
tion from CP-conserving processes, by assuming SU(3) flavour symme-
try and deducing some constraints relating hadronic matrix elements
at the charm threshold. Unfortunately, there is no way to determine
the most important B-factors necessary to estimate ǫ′/ǫ, namely B6
and B8, which remain essentially unconstrained in this approach.
8 Results
In this section, the main results of our analysis are summarized. These
results have been obtained by varying the experimental quantities, e.g. the
value of the top massmt, τB, etc., and the theoretical parameters, e.g. the B-
parameters, the strange quark massms, etc., according to their errors. Values
and errors of the input quantities used in the following are reported in tables
2–4. We assume a Gaussian distribution for the experimental quantities and
a flat distribution (with a width of 2σ) for the theoretical ones. The only
exception isms, taken from quenched lattice QCD calculations, for which we
have assumed a Gaussian distribution, according to the results of ref. [32].
4Indeed B-parameters,which give the main contribution to the value of ǫ′/ǫ, namely
B6, B
(3/2)
8 and B
(3/2)
9 , have already been computed on the lattice, see table 4.
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Parameters Values
mt (174± 17) GeV
ms(2 GeV) (128± 18) MeV
Λ
nf=5
QCD (230± 80) MeV
Vcb = Aλ
2 0.040± 0.006
|Vub/Vcb| = λσ 0.080± 0.015
τB (1.49± 0.12)× 10−12 sec
xd 0.685± 0.076
(fBB
1/2
B )th (200± 40) MeV
ΩIB 0.25± 0.10
Table 2: Values of the fluctuating parameters used in the numerical analysis.
The theoretical predictions (cos δ, ǫ′/ǫ, etc.) depend on several fluctu-
ating parameters. We have obtained their distributions numerically, from
which we have calculated the central values and the errors reported below.
Using the values given in the tables and the formulae given in the previous
sections, we have obtained the following results:
a) The distribution for cos δ, obtained by comparing the experimental
value of ǫ with its theoretical prediction, is given in fig. 3. As already
noticed in refs. [7, 8] and [20, 21], large values of fB and mt favour
cos δ > 0, given the current measurement of xd. When the condition
160 MeV ≤ fBB1/2B ≤ 240 MeV is imposed (fB-cut), most of the neg-
ative solutions disappear, giving the dashed histogram of fig. 3, from
which we estimate
cos δ = 0.47± 0.32 . (73)
b) A contour plot in the ρ–η plane is given in fig. 4. It shows the current
limits on the unitarity triangle defined in fig. 1.
c) In fig. 5, several pieces of information on ǫ′/ǫ are provided. Lego plots
of the distribution of the generated events in the ǫ′/ǫ–cos δ plane are
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Figure 3: Distributions of values for cos δ, sin 2β, ǫ′/ǫ and ǫ′/ǫ(A2η)−1, for
mt = (174± 17) GeV, using the values of the parameters given in tabs. 2–4.
The solid histograms are obtained without using the information coming from
Bd–B¯d mixing. The dashed ones use the xd information, assuming that 160
MeV ≤ fBB1/2B ≤ 240 MeV.
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Figure 4: Contour plots in the ρ–η plane. The solid, dashed and dotted
contours contain 5%, 68% and 95% of the generated events respectively. The
contours are given by excluding or including the fB-cut. Similar results can
be found in refs. [20, 21].
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Figure 5: Distributions of the events in the plane ǫ′/ǫ–cos δ without and with
the fB-cut. The corresponding contour plots are displayed below the Lego
plots.
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Constants Values
GF 1.16634× 10−5GeV−2
mc 1.5 GeV
mb 4.5 GeV
MW 80.6 GeV
Mπ 140 MeV
MK 490 MeV
MB 5.278 GeV
∆MK 3.521× 10−12 MeV
fπ 132 MeV
fK 160 MeV
λ = sin θc 0.221
ǫexp 2.268× 10−3
ReA0 2.7× 10−7 GeV
ω 0.045
µ 2 GeV
Table 3: Constants used in the numerical analysis.
shown, without and with the fB-cut. In the same figure, the corre-
sponding contour plots are displayed. One notices a very mild depen-
dence of ǫ′/ǫ on cos δ. As a consequence, one obtains approximately
the same prediction in the two cases (see also fig. 3). In the HV scheme
the results are
ǫ′/ǫ = (2.3± 2.1)× 10−4 no− cut (74)
and
ǫ′/ǫ = (2.8± 2.4)× 10−4 fB − cut , (75)
whereas in the NDR scheme we obtain
ǫ′/ǫ = (2.8± 2.2)× 10−4 no− cut (76)
and
ǫ′/ǫ = (3.4± 2.5)× 10−4 fB − cut . (77)
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BrgiK B
(3/2)
9 B
c
1−2 B3,4 B5,6 B
(1/2)
7−8−9 B
(3/2)
7−8
0.75± 0.15 0.62± 0.10 0− 0.15(∗) 1− 6(∗) 1.0± 0.2 1(∗) 1.0± 0.2
Table 4: Values of the B-parameters, for operators renormalized at the scale
µ = 2 GeV. The only exception is BrgiK , which is the renormalization group
invariant B-parameter. B
3/2
9 has been taken equal to BK, at any renormaliza-
tion scale. The value reported in the table is B
3/2
9 (µ = 2 GeV). Entries with
a (∗) are educated guesses, the others are taken from lattice QCD calculations.
By averaging the results given in eqs. (75) and (77), we obtain our best
estimate
ǫ′/ǫ = (3.1± 2.5± 0.3)× 10−4 fB − cut , (78)
where the third error comes from the difference of the central values
in the two schemes and gives an estimate of the uncertainty due to
higher-order corrections.
A similar result has been obtained in ref. [14], using a different approach
to the hadronic-matrix-element evaluation. They quote
ǫ′
ǫ
= (6.7± 2.6)× 10−4 (79)
for mt = 130 GeV. For this value of the top mass, the cancellation between
penguin and electropenguin contributions is less effective, thus their ǫ′/ǫ pre-
diction is significantly larger than ours. Actually the two predictions agree,
once the difference in the top mass is taken into account5. It is reassuring
that theoretical predictions, obtained by using quite different approaches to
matrix elements evaluation, are in good agreement.
On the basis of the latest analyses, it seems very difficult that ǫ′/ǫ is
larger than 10× 10−4. Theoretically, this may happen by taking the matrix
elements of the dominant operators, Q6 and Q8, much more different than it
is usually assumed. One possibility, discussed in ref. [14], is to take B6 ∼ 2
and B8 ∼ 1, instead of the usual values B6 ∼ B8 ∼ 1. To our knowledge, no
coherent theoretical approach can accommodate such large values of B6.
5Our analysis gives ǫ′/ǫ = (6.3± 2.3)× 10−4 for mt = 130 GeV.
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